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Abstract—Currently, boundary integral equations are predom-
inantly used for the solution of scattering problems involving
isotropic components. However, in this contribution, the exten-
sion of boundary integral equations to anisotropic components
is considered. The main problems arising from this are the
computation of the Green’s dyadics and the evaluation of the
impedance integrals. Recent progress towards solving these issues
is presented.
I. INTRODUCTION
Boundary integral equations (BIEs) are widely used for
the rigorous modeling of (frequency domain) electromagnetic
scattering problems. When they are applicable, i.e. when the
scatterer consists of a number of homogeneous regions, BIEs
constitute a powerful alternative to finite element or finite
difference methods. This is due to the fact that BIEs only
introduce unknown current densities on the boundaries of
the homogeneous regions, while the other methods typically
introduce unknown fields in the volume. This difference also
results in quicker convergence of the error for BIEs (as a
function of mesh density) and easier handling of singular
solutions (e.g. at corners).
However, despite these advantages, BIEs are only seldomly
used for scatterers consisting of homogeneous regions filled
with anisotropic materials. Such materials occur for example
in circulators and other microwave components. In cases where
integral equations are used for anisotropic materials, it usually
concerns either a specific material for which closed-form
expressions for the Green’s dyadics exist [1] or it concerns
the use of a volume integral equation [2], [3]. The reason for
this is the considerable additional complexity that is introduced
in the Method of Moments (MoM) [4], when it is applied to
general anisotropic materials. The main sources of complexity
are:
• the lack of closed-form expressions for the Green’s
dyadics in general anisotropic materials, which necessi-
tates the numerical evaluation of the Green’s dyadics,
• the lack of accurate ways to compute the impedance
integrals, especially the singular ones.
When considering fast solvers, some further difficulties are
the extension of the current fast matrix-vector multiplication
methods (such as the MLFMA [5], [6]) and the extension of ef-
fective preconditioners [7] to the anisotropic case. These com-
plications are quite serious on their own and, when combined,
form a severe impediment to the use of BIEs for anisotropic
materials. In contrast to BIEs, finite element methods are easily
extended to anisotropic materials [8] because they do not rely
on Green’s dyadics.
This contribution focusses on the two complications as-
sociated with the pure MoM, i.e. the computation of the
Green’s dyadics and the impedance integrals. Firstly, explicit
expressions of the Green’s dyadics in terms of derivatives of
the bianisotropic scalar Green’s function (BSGF) [9], [10] are
presented. Secondly, based on these expressions, a frequency-
independent matrix is constructed such that the components of
the Green’s dyadics can be computed with a simple and elegant
matrix multiplication. Lastly, these expressions are used to
shed light on the structure of the singularities occurring in
the Green’s dyadics. This is important for the future develop-
ment of numerical computation strategies for the impedance
integrals.
II. THE GREEN’S DYADICS
In this Section, the Green’s dyadics in anisotropic materials
will be briefly introduced. Much of this material can also be
found in [11], [9], [10], but it is useful to fix the notation and
to supply some background information.
Maxwell’s curl equations in the frequency domain and in a
general linear anisotropic material are given by
∇× h(r)− jωε¯ · e(r) = jδ(r), (1a)
−∇× e(r)− jωµ¯ · h(r) = mδ(r). (1b)
Vectors are denoted in bold, 3 by 3 dyadics are denoted with a
double bar and r is the Cartesian position vector. If elementary
dipole sources
j(r) = jδ(r), (2a)
m(r) = mδ(r), (2b)
are taken as the right hand side in Maxwell’s equations, the
solution is given in terms of the Green’s dyadics
e(r) = G¯ee(r) · j + G¯em(r) ·m, (3a)
h(r) = G¯me(r) · j + G¯mm(r) ·m. (3b)
Using spatial Fourier transforms, it can be shown [9], [10] that[
G¯ee(r) G¯em(r)
G¯me(r) G¯mm(r)
]
= jω2A (−j/ω∇)G(ωr), (4)
with the frequency-independent BSGF
G(r) =
1
8pi3
∫
R3
ejs·r
D(s)
ds, (5)
and
A(s) = Adj [P(s)] , (6)
D(s) = Det [P(s)] , (7)
P(s) =
[
ε¯ −s× 1
s× 1 µ¯
]
, (8)
s× 1 =
 0 −sz sysz 0 −sx
−sy sx 0
 . (9)
In equation (6), the Adj [·] operator computes the adjugate
matrix of its argument, which can be defined as
Adj [P(s)] = P−1(s)Det [P(s)] . (10)
The components of the matrix A(s) are polynomials of degree
at most four in the components of s, which why the substitu-
tion
s→ − j
ω
∇, (11)
in equation (4) can be performed without problems.
The problem of computing the BSGF has previously been
considered in the literature. For example, [12] gives a number
of Green’s functions for various types of fourth-order partial
differential equations. Also, a fully numerical approach for
computing and storing the BSGF and its derivatives has been
proposed in [9], [10]. This approach is applicable to all lossy
bianisotropic materials [13]. Therefore, the computation of the
BSGF will be considered solved in this contribution, such that
the attention can be turned towards the analysis of A(s).
III. EXPLICIT EXPRESSIONS FOR THE GREEN’S DYADICS
To compute the 6 by 6 matrix A(s), it is useful to split it
into four 3 by 3 subblocks, given by
A(s) =
[
A11(s) A12(s)
A21(s) A22(s)
]
. (12)
Replacing A(s) with such a block in equation (4) yields an
expression for the corresponding Green’s dyadic, e.g.
G¯ee(r) = jω
2A11 (−j/ω∇)G(ωr). (13)
Each block is calculated by means of a Schur complement.
The inverses occurring in these Schur complements are then
evaluated using an operation known from dyadic analysis: the
double cross product. It can be defined in terms of the adjugate
as follows
a¯××b¯ =
1
2
[
Adj
[
a¯+ b¯
]
− Adj [a¯]− Adj
[
b¯
]]T
. (14)
Using this operation, omitting a lengthy calculation, the four
blocks can be expressed as
A11(s) = ss
T · µ¯ · ssT
+ 4
[
µ¯××(s× 1)
]T · µ¯ · [ε¯××(s× 1)]T
− 2ssT · µ¯ · [µ¯××ε¯]T + Det [µ¯] Adj [ε¯] , (15)
A22(s) = ss
T · ε¯ · ssT
+ 4
[
ε¯××(s× 1)
]T · ε¯ · [µ¯××(s× 1)]T
− 2ssT · ε¯ · [ε¯××µ¯]T + Det [ε¯] Adj [µ¯] , (16)
A12(s) =
[
ε¯××ε¯
]T · [s× 1] · [µ¯××µ¯]T
− 2[s× 1]××
[
ε¯T · s · sT · µ¯T ], (17)
A21(s) = −
[
µ¯××µ¯
]T · [s× 1] · [ε¯××ε¯]T
+ 2[s× 1]××
[
µ¯T · s · sT · ε¯T ]. (18)
The terms of degree four have been found in the past (see [14])
but, to the best of the author’s knowledge, the lower degree
terms have not.
A. Computing the Green’s Dyadics
When substituting expressions (15), (16), (17) and (18)
into (4), it becomes clear that the components of the Green’s
dyadics are linear combinations of partial derivatives of the
BSGF. Assuming that we have at our disposal a vector w
containing these partial derivatives, evaluated in the point
v = ωr:
w =

G(v)
∂
∂vx
G(v)
∂
∂vy
G(v)
∂
∂vz
G(v)
∂2
∂v2x
G(v)
...
∂4
∂v4z
G(v)

. (19)
Then it becomes possible to compute a matrix M such that
u = jω2M ·w. (20)
with u containing the components of the Green’s dyadics:
u =

[
G¯ee(r)
]
xx[
G¯ee(r)
]
yx[
G¯ee(r)
]
zx
...[
G¯mm(r)
]
zz

. (21)
The elements of M can be determined from equations (15)
through (18) by identification. For example, the element [M]11
is given by
[M]11 = Det [µ¯]
{
[ε¯]yy [ε¯]zz − [ε¯]zy [ε¯]yz
}
. (22)
It is easily seen that M is frequency-independent. In fact, M
depends only on the material parameters. Therefore, it needs
to be computed only once for each material, after which it can
be used to easily and elegantly compute the Green’s dyadics.
B. Singularities of the Green’s Dyadics
For the evaluation of MoM impedance integrals in an
anisotropic material, it is crucial to have a solid idea about
the structure of the singularity that is present in the Green’s
dyadics. From the isotropic case, it is known that the Green’s
dyadics can exhibit a hypersingular, strongly singular and
a weakly singular (integrable) part. In the isotropic case,
these terms correspond to the fourth order, third order and
second and lower order derivatives of the BSGF, respectively.
Therefore, to analyze the singularity of the Green’s dyadics,
the matrices (15), (16), (17) and (18) will be split according
to the degree in s. For A11(s), this splitting yields
A11(s)

degree 4 : ssT · µ¯ · ssT
degree 3 : 0
degree ≤ 2 : 4 [µ¯××(s× 1)]T · µ¯ · [ε¯××(s× 1)]T
−2ssT · µ¯ · [µ¯××ε¯]T + Det [µ¯] Adj [ε¯]
(23)
Apparently, the matrix A11(s) does not have a third degree
part. This means that the electric-electric Green’s dyadic
G¯ee(r) does not have a strongly singular part, even in the
anisotropic case. It does have a hypersingular part, which is
generated by the fourth degree term. However, it can be seen
that this term is of the form
s
[
sT · µ¯ · s]︸ ︷︷ ︸
scalar
sT , (24)
such that, when a div-conforming discretization is used, partial
integration can be performed to remove two of the derivatives.
Therefore, one is left with a weakly singular integral. The same
holds trivially for the second degree part of A11(s). Therefore,
it can be concluded that a div-conforming discretization of
the electric field integral equation in an anisotropic material
requires only the evaluation of weakly singular integrals. For
A22(s), similar results hold.
For A12(s), the splitting yields
A12(s)

degree 4 : 0
degree 3 : −2[s× 1]××
[
ε¯T · s · sT · µ¯T ]
degree ≤ 2 : [ε¯××ε¯]T · [s× 1] · [µ¯××µ¯]T (25)
Therefore, no hypersingular integrals occurs and no partial
integration needs to be done. However, the third degree part
is nonzero such that a strongly singular part exists. From the
isotropic case, it is known that this part cannot be made weakly
singular by means of partial integration. Instead, it is split into
a local, Dirac delta-like part and a weakly singular remainder.
It is not immediately clear whether this also holds for the
anisotropic case. This is the subject of future research.
IV. CONCLUSION
Explicit formulas were presented that express the Green’s
dyadics in terms of the partial derivatives of the bianisotropic
Green’s function. A matrix formalism was introduced that al-
lows for an easy numerical computation of the Green’s dyadic
components. Finally, the singularities of the various Green’s
dyadics were analyzed in the context of the evaluation of
impedance integrals. It turns out that the impedance integrals
for the electric field integral equation are all convertible to
weakly singular integrals. This is not the case for the magnetic
field integral equation, as is expected from the isotropic
case. Future research is directed towards treating this strongly
singular part in a rigorous and numerically satisfactory way.
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